(1.1) 0.33r 2/3 ≤ f 0 (P r ) ≤ 5.55r 2/3 where f k (P ) denotes the number of k -dimensional faces of the polytope P . The limit, as R → ∞, of the average of r −2/3 f 0 (P r ), on an interval [R, R + H ] , is determined by Balog and Deshoullier [BD] , and turns out to be 3.453 . . . , (H must be large). Our main result extends (1.1) to any d ≥ 2 and to any f k (P r ) with k = 0, . . . , d − 1. 
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Here the implied constants depend only on dimension d ; we will keep to this as a convention throughout the paper (unless stated otherwise).
It is the authors' conviction that lattice points and random points, in relation to convex bodies in "general position", behave similarly. Theorem 1 is another confirmation: (1.2) is in complete analogy with random polytopes. To see this, choose n = r d Vol B d random, independent, and uniform points from B d , and let K n denote their convex hull. Then, according to [BL] and [B] , n
, where E stands for expectation. But n
showing that the convex hull of n random points and the convex hull of the n lattice points lying in rB d have the same number of k -dimensional faces.
The upper bound
The upper bounds in (1.2) follows from a result of Andrews [An] who proved the case k = 0 of the following more general Theorem 2. Assume P ⊂ R d is a lattice polytope with nonempty interior. Then
where the implied constant depends only on d .
The result was rediscovered by Arnol'd [Ar] (case d = 2), Konyagin and Sevastyanov [KS] , case d ≥ 2, k = 0 with indication to any k . W. Schmidt [Sch] proved (2.1) in slightly stronger form. A more general argument of Bárány and Vershik [BV] implies the case d ≥ 2, k = 0. Here we give yet another proof, based on convex geometry and the technique of cap coverings. What we get is a slight improvement over (2.1), which is also indicated in [KS] . A tower (or flag) of the polytope P is a chain of incident faces
for the number of towers of P .
Theorem 3. Under the previous assumptions
in [BD] ) proves that the average of f 0 (P r ), over r
. This is a weaker, or average, version of the case k = 0 of Theorem 1.
The proof of the lower bounds in Theorem 1 is based on a result from the theory of approximation of (smooth) convex bodies by polytopes. To state what we need, write C (D) for the collection of convex bodies with C 2 boundary and radius of curvature at every point and every direction between 1/D and D. (Here D ≥ 1.) Let K ∈ C (D) and assume P ⊂ K is a convex polytope. Approximation of K by P is measured as the "relative" missed volume, i.e.,
The result we need (cf. [G1] ) says that for any K ∈ C (D) and for any polytope P ⊂ K having n vertices
On the other hand, there is a polytope P ⊂ K with n vertices satisfying
Here and depend on D as well. More precise asymptotic information is available on best approximation (cf. [G2] ): the constant is const(d ) times the
power of the affine surface area of K . But we won't need this precision.
The proof of the lower bounds is based on
This implies the case k = 0 of Theorem 1: Assume f 0 (P r ) = n. By (3.1) and Theorem 4
showing that f 0 (P r ) = n r
from Theorem 1 which together with (3.1) imply that
i.e., P r is a "best" aproximating polytope to rB d in the sense of (3.2). So we have Corollary .
A long time ago, C. A. Rogers [R] proved the following analogue of (3.1). For every polytope P ⊂ B d with n facets
From this the case k = d − 1 of Theorem 1 (the lower bound) follows the same way as above. Cases k = 1, . . . , d − 2 of Theorem 1 need special, and more involved treatment. The proof would be simpler if, for every convex polytope P , one would have
This would follow from the unimodality conjecture (see [Z] ), which is known to be false. But (3.4) may still be true. It is known to hold for simple (and then simplicial) polytopes, see Björner [Bj] .
Replacing B d by K
In this section we assume
Let P λ be the integer convex hull of λK , i.e.,
Here λ is large (we keep the letter r for radius of curvature). The questions, and the answers, of the previous sections extend to this case, with the constants implied in depending on d and D:
Theorem 5. Assume K satisfies (4.1) . Then, as λ → ∞,
We will indicate, after the proofs for B d , how the extension goes. The generalization of Rogers' result (3.3) to this case has to be stated and proved separately: Theorem 6. Assume K satisfies (4.1) and P ⊂ K is a polytope with n facets. Then
with the implied constant depending only on d , D.
Again, the proof of the lower bound in Theorem 1 for k = 1, . . . , d − 2 would be simpler if the following unusual approximation statement were true.
Proof of Theorem 4
We start by introducing notation and terminology. Let p ∈ Z d be a primitive vector, outward normal to the facet F (p) of P r . The hyperplane H (p) = aff F (p) cuts off a small cap C (p) from rB d and
Write |x | for the Euclidean length of
where (p) > 0. |p| is, in fact, the determinant of the lattice
Proof. Everything that is contained in such a C (p) is also contained in
From now on we can only consider facets F (p) with
We are going to use the Flatness Theorem (cf. [K] , [KL] ) saying that the lattice width of a lattice point free convex body (in R d ) is at most c 0 d 2 where c 0 is a universal constant. Applying this to C (p), or rather to int C (p) which is lattice point free by (5.1), we get a primitive vector q ∈ Z d such that 
as a simple computation reveals.
Assume C (p) is between hyperplanes qx = 1 and qx = 2 with 0 < 1 < 2 ≤ |q|r and 2 − 1 ≤ c 0 d 2 . Set k i = |q|r − i and x i = k i /|q|, (i = 1, 2). Consider the two-dimensional plane containing 0, q, and the centre of C (p). We show first, assuming x 2 > 0, that φ (see the figure) gets small as r gets large. Indeed, using (5.4)
since |q| ≥ 1. As φ and ψ (see the figure) are almost equal, (5.6) implies
We can estimate ρ from the figure, again. As cos φ > 1/2 for large enough r, we get
The same estimate follows directly when x 2 = 0. From this h ρ 2 r −1
Collect the F (p) with fixed flatness direction q and fixed k into groups. The missed volume in the corresponding caps is
where S is the surface area of rB d between hyperplanes qx = 1 and qx = 2 . Since φ is small,
where we used the second half of (5.8 
as one can check easily.
Remark 1. This proof shows the inequality f 0 (P r ) r
d +1 (from Theorem 1) directly. Actually, it shows the stronger result that
To see this one has to use the simple fact
valid for every facet F (p) of P r . This gives, in Case 1,
d +1 , according to (5.6). Case 2 is even simpler. Then
and (5.9), (5.10) can be applied.
Remark 2. An essentially identical proof works when B d is replaced by K satisfying (4.1). The main difference is that H (p) ∩ λK is not a ball. But it is very close to an ellipsoid (since h(p) is very small, less than λ .2) and (5.3) with the implied constants depending on D as well.
We elaborate on how to deal with φ and ψ on the figure. Let y ∈ ∂K be the point where the outer normal to K is q. Then the figure shows the intersection of P λ with the two-plane H parallel with q, containing the centre of C (p) and the point λy. Write r for the radius of curvature at λy of H ∩ λK . Clearly, r/λ is between 1/D and D. The boundary of H ∩ λK , in a neighbourhood of λy is very close to the circle of radius r with centre λy − rq/|q|. Now φ and ψ are the same as on the figure and the estimation of sin φ and x 1 works the same way. (h on the figure may be different from the depth of the cap C (p) but their ratio is bounded as a function of D.)
Auxiliary results
Let K be a convex body in R d . For x ∈ K and λ > 0 define
This is the M -region introduced by Macbeath [M] in 1953. We define two [M] ) but we will not need this. It follows from the existence of the Löwner-John ellipsoid that K (v ≥ t) is nonempty when t < 1 2d ! Vol K . Several properties of these functions, their level sets, and of the M -regions are established in [M] , [ELR] , [BL] , [B] . We list those that will be needed later.
Lemma D. ([B]) K (v ≥ t) contains no line segment on its boundary (provided t > 0).

Lemma E. ([ELR]
, [B] ) Let C be a cap, i.e., C = K ∩ H with some halfspace H .
Lemma F. ([BL]) For every convex body K
with the implied constant depending only on d .
When K ∈ C (D) and x is close to the boundary of K , u(x ), v(x ) are easy to estimate. For instance, as we saw it in Remark 2, the boundary of K is very close to an ellipsoid E in the vicinity of x , and for ellipsoids u E (x ) and v E (x ) are simple to determine, and u E (x ) = 2v E (x ). It follows that, writing h = h(x ) for the width of the cap K ∩ H giving the minimum in (6.2)
with the implied constants depending only on d , D.
Proof of Theorems 2 and 3
Set Vol P = V and define, with clear anticipation,
Let F be a facet of P (with outer normal p). Let x F be the point on the boundary of P (v ≥ εV ) where the outer normal coincides with p. According to Lemma D,
Claim. For distinct facets F and G of P 5) , and so 
So the M -regions M (x F , 1/2) are pairwise disjoint. P (v ≤ εV ) contains half of each: the half cut off by the halfspace p(x − x F ) ≥ 0. Then by Lemma F (which is a version of the affine isoperimetric inequality)
On the other hand, by Lemma C
This clearly implies
From this we show, using an idea of Andrews, that f 0 (P ) (Vol P )
Let z be a vertex of P with neighbouring vertices w 1 , . . . , w n . Define
As z / ∈ P z , there is a facet F z of P z separating them. This facet is of the form conv{ 2 3 z + 1 3 w i : some i }. Set Q = ∩P z for all vertices z of P . Then F z is a facet of Q as well and F z / = F y for distinct z , y. Q is a lattice polytope in
We are now in a position to prove Theorem 3.
Proof of Theorem 3. We are going to define a polytope Q ⊂ P which is a lattice polytope in
, and a map f from the towers of P to the vertices of Q that maps distinct towers to distinct vertices. This will show
The proof is by induction and we start with d = 2. The vertices of P are z 1 , . . . , z n in this order. The vertices of Q will be
Make sure, by contracting Q F suitably if necessary, that Q F ∩Q G = ∅ for distinct facets F , G. It is not hard to see that one can take, as centre of contraction, a point from
Contraction by the factor 1/2 suffices so Q F is a lattice polytope in the lattice
Proof of Theorem 6
In this section the implied constants depend on d and D as well. We assume Vol K = 1. Then Area ∂K 1. Let F be a facet of P and denote by x F the point where the function v K is maximal on aff F . Note that x F need not be contained in F . But the cap C (x F ) cut off from K by aff F must have small ( n − 2 d +1 ) volume as otherwise there is nothing to prove. Write h F for the depth of the facet F in K ; this is the same as the width of the cap C (x F ). As K ∈ C (D) and h F is small, (6.3) applies yielding
Similarly,
Choose a system y 1 , . . . , y m ∈ {x F F a facet}, maximal with respect to the condition that for distinct i , j M (y i , 1/2) ∩ M (y j , 1/2) = ∅. 
